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axis to be perpendicular to the substrate surface. Un- 
fortunately, it is not possible to be more definitive at  this 
time. Future experiments will be directed toward ex- 
plaining these observations. 

Finally, one cannot ignore that the polymer-substrate 
interfacial fold plane in fold-plane epitaxy may be an ex- 
ample of an adjacent reentry chain fold. Thus, our work 
may be relevant to the issue of adjacent vs. nonadjacent 
reentry of chain-folded polymer single Con- 
ceptually, the very nature of epitaxial crystallization, re- 
quiring that a crystalline polymer plane interact with a 
crystalline surface to produce the observed regular orien- 
tations, would lead one t . ~  envision a highly ordered, if not 
crystalline interfacial fold-plane surface for fold-plane 
epitaxial crystals. This intuitive feeling is further sup- 
ported by the potential lattice matching between the 
substrate surface and the ab plane of the polymer crystal. 
A crystalline interfacial fold plane seems to be a quite 
probable state. However, nonadjacent reentry chain seg- 
ments, which run parallel to the substrate surface along 
the directions observed for POM in Figure 1 and which 
likely have lengths which are integral multiples of the 
fold-plane separation distances, before reentering the 
polymer crystal, are also possible. Clearly, however, tie 
chains, fold loops of arbitrary size, and random chain 
reentry into the same polymer crystal, with respect to a 
frame of reference a t  the interface, are quite unlikely for 
the interfacial layer of polymer. 

These preliminary investigations cannot resolve, nor 
were they originally intended to resolve, the question of 
adjacent vs. nonadjacent reentry. However, fold-plane 
epitaxial studies may be helpful in the investigation of this 
issue. We have shown, through morphological observations 
and electron diffraction, that fold-plane epitaxial crys- 

tallization of POM does occur from concentrated solutions 
onto (001) cleavage planes of mica. Ongoing and future 
experiments will deal with the mechanism of fold-plane 
epitaxial growth, as well as with extensions to other 
polymers and substrates. 
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ABSTRACT: A series of networks were prepared by cross-linking well-characterized ethylene-propylene 
copolymers with high-energy electron radiation. The cross-link density and other structural features of the 
networks were determined by analyzing the rate of increase of gel content with radiation dose. Stress-strain 
measurements revealed that the elastic modulus was considerably greater than that predicted by the classical 
theories of rubber elasticity. The initial modulus, however, could be calculated by assuming it to be the sum 
of two parts, one a chemical contribution proportional to the number of strands in the network and the other 
a topological contribution from entanglements trapped in the network by the cross-linking process. The value 
obtained for G,””, the maximum entanglement contribution to the equilibrium modulus, was equal within 
experimental error to GNo, the plateau modulus obtained from dynamic measurements on the un-cross-linked 
polymer. 

Rubber elasticity is one of the classical problems of 
polymer physics. The essential goal is to develop a theory 
for relating the mechanical properties of rubber networks 
to their molecular structure. Early attempts in this di- 
rection assumed that the force required to deform the 
rubber arises entirely within the strands which connect the 
junctions in the network. Interactions between neigh- 
boring strands were ignored insofar as the strain-dependent 
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properties were concerned. The principal result of this 
approach was the prediction that the shear modulus is 
approximately equal to the number density of strands in 
the network multiplied by kT1 (eq 1). 

G = vkT (1) 
When rubber networks are formed from concentrated 

solutions or melts, the domains occupied by neighboring 
strands will overlap to a considerable extent.2 Since the 
strands cannot pass through each other, molecular rear- 
rangements which occur upon deformation may be influ- 
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enced by interactions of a topological nature. Such con- 
straints are expected to increase the shear modulus above 
that predicted by eq l.3 

Measurements on rubber networks prepared from po- 
lybutadiene have shown that the shear modulus can be 
substantially larger than ukTa4 Furthermore, the results 
of that study are consistent with the idea that topological 
interactions (entanglements) between network strands are 
responsible for the increased modulus. The potential en- 
tanglement contribution, as judged by the magnitude of 
the plateau modulus, is considerably smaller in the case 
of poly(dimethylsi1oxane). Indeed, there is some contro- 
versy currently about whether one needs to consider en- 
tanglement contributions in the equilibrium elastic prop- 
erties of poly(dimethylsi1oxane) networks."6 In this paper 
we present data on well-characterized networks formed 
from ethylene-propylene copolymers which support the 
need to consider entanglement contributions. In fact, for 
the networks studied here the dominant part of the mo- 
dulus is contributed by topological interactions. 
The Shear Modulus of a Rubber Network 

Theories of rubber elasticity which neglect interaction 
between network strands are called "phantom" network 
theories, a name suggestive of strands which are free to 
pass through each other's contour. The calculated shear 
modulus of such a network is9J0 

G = (Y - p)kT (2) 
where Y and p are the number densities of elastically active 
strands and junctions. A junction is elastically active if 
at least three paths leading away from it are independently 
attached to the network; a strand is elastically active if it 
is bounded at each end by elastically active junctions.11J2 
For a perfect tetrafunctional network there are twice as 
many strands as junctions and eq 2 reduces to 

G = '/zukT (3) 
In phantom rubber networks the junctions fluctuate 

about their mean positions. The extent of fluctuations is 
governed only by the number of strands connected to the 
junction. One effect of topological interactions in a real 
rubber network might be to reduce the magnitude of these 
fluctuations. Theories have been developed along these 
lines13J4 and they predict that if entanglements restrict 
junction fluctuations entirely, then the shear modulus 
would increase to 

G = vkT (4) 
The modulus for a network whose behavior is intermediate 
to  the extremes could be described empirically by4 

( 5 )  
where h is a parameter between 0 and 1. 

Equation 5 would apply to a rubber network for which 
the only effect of entanglements is to reduce junction 
fluctuations. However, if interactions between strands 
elsewhere along their contours are important, a different 
approach is required. We describe a method similar to that 
proposed by Langley.15 When a high molecular weight 
un-cross-linked polymer is tested under dynamic condi- 
tions, the shear modulus has an essentially constant value, 
GNo, over a wide range of frequency. This behavior is 
consistent with the concept that a temporary entangled 
network is present with a lifetime that is longer than the 
experimental time scale. If a portion of this network be- 
comes permanently fixed or trapped by the addition of 
cross-links, then the modulus should be greater than a 
phantom network having the same structure. Assuming 
the entanglement effect is simply additive, the shear mo- 

G = ( U  - hp)kT 
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dulus, G, would be the sum of two parts: a chemical 
contribution from the strands which join the junctions, G,, 
and a topological contribution from the permanently en- 
tangled chains, G,. 

G = G, + G, (6) 
We assume that the topological contribution is the 

product of Gem*', the maximum possible contribution of 
entangled chains to the modulus, and T,, the fraction of 
this maximum actually obtained (eq 7). If we further 

G, = TeGemaX ( 7) 
assume that the chemical contribution is that given by eq 
5,  then the shear modulus is 

(8) 
Langley has suggested that T,  should be equal to the 
probability that all four paths leading away from two in- 
teracting chains are connected to the continuous structure 
of the network.15 This is equivalent to the probability that 
any pair of interacting units are each part of elastically 
active strands and are thereby part of closed loops in the 
network.16 We want to emphasize that our view of the 
topological effects that contribute to the modulus is one 
of pairwise interactions between network chains. However, 
we do not view these interactions as being highly localized 
ones like those of a cross-link. 

Equations 6 ,  7, and 8 provide a link between the mo- 
dulus of a rubber network and its molecular structure. The 
parameter Gem" is expected to be closely related to GNo, 
the plateau modulus of the un-cross-linked polymer. The 
relationship between G N o  and molecular structure is still 
somewhat ~ n c e r t a i n . ' ~ J ~  The parameter h is difficult to 
establish theoretically, but for highly entangled networks 
it should be near l.14 

To test these ideas we have prepared rubber networks 
with known values of v, p, and T,  and then measured their 
moduli under equilibrium conditions. The methods for 
doing this and our results are given in the following sec- 
tions. 

Experimental Section 
Polymer Preparation and Characterization. The polymers 

used in this study are copolymers of ethylene and propylene 
obtained from Dr. G. Ver Strate of the Exxon Chemical Co. The 
starting polymer contained 0.6 mol fraction ethylene and was 
polymerized under conditions which were expected to give 
amorphous, linear materials. Differential scanning calorimetry, 
X-ray, and density measurements all indicated that the melting 
point was below room temperature. It was fractionated by se- 
quential precipitation from cyclohexane with isopropyl alcohol. 
Nine fractions were obtained but those with the two highest 
molecular weights and the lowest molecular weight were not used. 
The molecular weight distributions of the remaining fractions were 
determined by gel permeation chromatography (Waters GPC 
Model 200) in THF. A molecular weight vs. elution volume 
calibration was established with polystyrene standards" and then 
applied to EP copolymers using the universal calibration method 
of Benoit" and the Mark-Houwink equation reported by Smithz1 

(9) 

The GPC Model 200 was also equipped with an on-line viscometer 
which was used as described elsewheren to confirm the expected 
linear nature of the samples. 

Ver StrateZ3 determined the intrinsic viscosities of all samples 
in decalin at 135 O C  and M ,  of sample EP 208 by low-angle laser 
light scattering (LALLS) in trichlorobenzene at l-35 O C .  The 
intrinsic viscosity data were used to estimate M, from the 
Mark-Houwink equation established by Ver Stratex with LALLS 
(eq 10). The molecular weight distribution and composition of 

(10) 

G = (Y - hp)kT + T,Gems-' 

i71THF = 3.88 x 1 0 - 4 ~ 0 . 6 8  

[7]D, = 2.47 x 10-4Mw0.759 
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Table I 
Molecular Characterization Data 

M w  M n  M w  
(GPC) x(GPC) x [q ldec ,  ([‘?l)3x 

sample l o ”  M , / M n  dL/g 10- 
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that the time required for the highest molecular weight sample 
to relax was about one-half day at  room temperature. 

The samples were cross-linked by high-energy electron radiation 
(1.3 MeV). An electron beam generator (Dynamitron) suitable 
for this procedure was made available by Dr. Georg Bohm a t  the 
Firestone Tire and Rubber Co. The dose was delivered to the 
samples in increments of 0.25-2 Mrd by repeatedly passing them 
through a scanned electron beam. Sufficient waiting periods 
between passes were allowed to avoid heating the samples more 
than 25 “C above room temperature. 

At this electron energy (1.3 MeV) the radiation dose increases 
almost linearly with sample thickness up to 2.5 mm.% A uniform 
exposure could therefore be achieved by delivering half of the dose 
to each side of the sample. The dose was measured by monitoring 
the change in optical density of the cellophane tape placed on 
the surface of the samples. 

The gel content was determined by extraction with cyclohexane. 
Weighed pieces of polymer (approx 0.1 g) were placed in 100 mL 
of solvent containing 0.1% antioxidant. After 5 weeks the solvent 
was decanted and replaced with pure cyclohexane. After another 
week the swollen gels were removed, weighed, and then dried to 
a constant weight under vacuum. The swelling behavior will be 
discussed in a future publication. 

Elastic Measurements. Antioxidant (Ionol) was added to 
the networks by first swelling them to approximately twice their 
initial volume in a cyclohexane solution containing 0.2% anti- 
oxidant and then drying in vacuo to  a constant weight. Strips 
6.5 mm wide by 50 mm long were cut with a steel die and then 
marked along each edge with six or seven ink dots. The separation 
of the dots and the cross-sectional area of each strip was measured 
with a Gaertner cathetometer (Model 940-303P) having a reported 
precision of 1 Wm. 

After the rest dimensions were determined, the samples were 
mounted in lightweight grips, the lower grips being equipped with 
a hook for holding weights. A load was applied and the strain 
was measured a t  periodic intervals until the sample was judged 
to be at equilibrium (see below). The amount of weight was then 
increased or decreased and a new equilibrium point was estab- 
lished. Data obtained during loading and unloading cycles showed 
no significant hysteresis effects. 

The time required to  reach equilibrium was a function of 
cross-link density. For samples with more than -500 main-chain 
carbon atoms between network junctions, equilibrium was not 
attained after 30 days and the test was stopped. Samples with 
less than -300 carbon atoms between junctions attained equi- 
librium in less than 2 days. The number of carbon atoms between 
junctions and the average time required to reach equilibrium are 
given in Table 11. For a number of samples the load was left on 
for periods of 25-60 days after it was judged that an equilibrium 
length had been attained. No additional change was noted. 

In one case a sample that  came to equilibrium at  room tem- 
perature was retested a t  elevated temperatures (up to 100 “C) 
by hanging the sample inside a thermostated chamber equipped 
with a polycarbonate window for viewing the dots (see below). 
The equilibrium stress-strain values were used to  calculate a 
reduced stress, u/(X - 1/X2), where u is the force, f ,  divided by 
the initial cross-sectional area, A,,, and X is the ratio of the de- 
formed length to  the rest length, L/L@ These data, when plotted 
on a Mooney-Rivlin plot (Figure 2) of u/(X - l / X z )  vs. 1/X, fall 
on relatively straight lines over the entire range of strain studied 
(1.05 < X C 1.3). For some samples the line showed a slight upward 
or downward curvature a t  low strains, which might be due to an 
error in the measurement of the rest length.29 The slope of the 
lines, 2C2, and their intercept a t  zero strain, G = 2C1 + 2C2, are 
listed in Table 11. 

Analysis of Gel Curve Data 
A method for calculating the concentrat ion of cross- 

linked and fractured uni ts  from the gelation behavior has 
been given b y  Pearson and Graessley.16 It relies on the 
assumption that cross-links and scissions are randomly  
distributed. Detailed arguments  support ing th i s  assump- 
t ion  are given i n  Appendix A. 

For long pr imary  chains  the relationship between the 
gel fraction, g, and the fractions of uni t s  which are tetra- 

EP090 90 52 1.73 1.37 87 
EP107 107 65 1.64 1.58 106 
EP133 133 91 1.46 1.94 139 
EP162 162 110 1.47 2.46 190 
EP 208 208= 129 1.61 2.88 233 
EP310 310 153 2.03 3.92 350 

M ,  for EP 208 is 198 x l o 3  by low-angle laser light 
scattering in TCB at  135 “C. 

0 I I 

id4 10-2 1 00 102 
W a T  

Figure 1. The storage and loss moduli as a function of frequency 
reduced to 25 “ C  for sample E P  107. 

the fractions used by Ver Strate were similar to  those of the 
samples in this study. 

Good agreement was obtained between the various measure- 
ments of molecular weight. A summary of the results is given 
in Table I. 

Rheological Measurements. The linear viscoelastic properties 
of samples EP 107 and E P  208 were measured with a Rheometrics 
mechanical spectrometer. Values of the storage and loss moduli, 
G’ (w)  and G”(w), were determined as functions of frequency, w, 
and temperature using the eccentric-rotating-disk method. 
Samples 1 mm thick X 2.5 mm in diameter were tested from 0.001 
to  100 rad/s and strain amplitude up to 0.2. At the higher 
frequencies where the measured forces were large it was necessary 
to correct the strain amplitude for instrumental compliance. The 
procedure for doing this has been described by Raju e t  al.25 

Data gathered a t  25,50, and 75 “C were reduced to a common 
temperature of 25 O C  by first correcting the moduli by a vertical 
shift factor, bT = Topo/Tp, and then shifting along the frequency 
scale until superposition was obtained.26 The required horizontal 
shift factors, UT, were essentially the same as those determined 
by Ferry and co-workersZ7 on a similar copolyme? (see Figure 1). 
The plateau modulus, GNO, was obtained by usingz6 eq 11, where 

(11) 

G”(w) is the dynamic loss modulus and G { ( w )  is the contribution 
to the loss modulus from the transition region. The values of GNo 
so obtained were 1.88 MPa for EP 107 and 1.60 MPa for E P  208. 
These values are somewhat higher than the value of 1.26 MPa 
obtained by integrating the loss-compliance spectra of a similar 
copolymer.27 

Network Formation a n d  Characterization. The small 
amount of antioxidant added to  the samples during the frac- 
tionation procedure was removed just prior to cross-linking by 
dissolving them in cyclohexane and precipitating in methanol. 
The polymers were thoroughly dried in vacuo and then molded 
at 50 “C between sheets of Mylar into rectangular strips 25 X 50 
X 1 mm. Molding was done at  least 1 week before cross-linking 
to  allow sufficient time for the samples to  relax to  an isotropic 
state. The viscoelastic measurements described above indicated 
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Table I1 
Network Characterization Data 

- 
sample 0, Mrd t,,a days G, MPa 2C,,MPa 2C,,MPa ukT,  MPa Te 2VlP L C  

EP 090 77.5 2 0.67 0.234 0.276 3.40 286 
EP 090 210.8 2 0.80 0.337 0.306 3.42 21 0 
EP 133 53.7 10  0.64 0.46 0.18 0.179 0.283 3.40 378 
EP 133 66.3 3 0.69 0.50 0.19 0.227 0.300 3.41 308 
EP 133 85.6 2 0.83 0.60 0.23 0.302 0.317 3.43 238 
EP 133 106.5 2 0.93 0.70 0.23 0.382 0.329 3.44 192 
EP 162 61.6 2 0.73 0.45 0.28 0.203 0.309 3.42 350 
EP 162 82.4 2 0.85 0.58 0.27 0.279 0.328 3.44 26 2 
EP 162 102.1 2 0.95 0.60 0.35 0.351 0.339 3.45 21 2 
EP 208 49.8 3 0.70 0.49 0.21 0.158 0.324 3.43 458 
EP 208 61.7 2 0.74 0.58 0.16 0.201 0.340 3.45 370 
EP 208 74.0 2 0.88 0.53 0.35 0.245 0.352 3.45 308 
EP 208 82.6 2 0.90 0.59 0.31 0.275 0.358 3.46 276 

EP 310 62.5 2 0.82 0.55 0.27 0.208 0.376 3.47 376 
EP 310 74.4 2 0.89 0.58 0.31 0.250 0.386 3.48 316 
EP 310 87.4 2 0.96 0.71 0.25 0.297 0.394 3.49 270 
EP 310 102.6 2 1.05 0.67 0.38 0.351 0.401 3.49 230 

EP 208 103.9 2 0.98 0.67 0.31 0.351 0.369 3.47 2 20 

Average time to reach equilibrium per load. Average number of elastically active strands per elastically active junction. 
Average number of carbon atoms per elastically active strand. See eq 35, ref 16. 

1 .o 
EP133 

fi 
L " - - 

" 
66.3 

53.7 
0 .6 ;  z 

I 
0.8 0.9 1 .o 

1 / A  

Figure 2. Mooney-Rivlin plots for cross-linked samples of EP, 
133. Numbers on each line indicate radiation dose in megarads. 

functionally cross-linked, a, and which are fractured, 0, 
is given by 

where W, is the weight fraction of primary chains having 
F units, { = p + cug and X = cug/S: The results from gel 
permeation chromatographym indicate that the molecular 
weight distributions can be approximated by the Schulz- 
Zimm distribution30 

W, = [bb/Fnr(b)](r/Tn)* exp(-br/Fn) (13) 

where Fn and rW are the number and weight average degree 
of polymerization, b = Tn/(TW - FJ, and r(.) is the gamma 
function. When this distribution is substituted into eq 12 
and the summation completed, expression 14 for g is ob- 

1 -  1 - (1 + -&/b)-b 

2 - 2(1 + rE/b)-b + (1 + y[/b)-"' (14) 1 

OO i 0 2  04 06  

D" ( Mrads-') 

Figure 3. Charlesby-Pinner plots for samples EP 310 (O), EP 
208 (A), EP 162 ( O ) ,  EP 133 (O), and EP 090 (A). 

tained, where y = cupn and E = P/a + g. We assume that 
the rate of cross-linking and scission are directly propor- 
tional to the radiation dose, D. 

a = a Q D  p = p @  (15) 
A t  high doses, g approaches the maximum value 

or equivalently the sol fraction approaches the minimum 
value 

S,in + S,h1/2 = p / a  (17) 
Equation 17 is the basis for the Charlesby-Pinner plot31 
on which s + s1I2 is plotted vs. the reciprocal dose and then 
extrapolated to obtain the cross-link to scission ratio, @/cy. 
Figure 3 shows the gelation data plotted in this manner. 
The value of P/a obtained by extrapolation is essentially 
the same for all polymers (0.25). The gel data were further 
analyzed by a nonlinear regression analysis that minimized 
the sum of squares between the experimental gel fraction 
and the value calculated with eq 14. Slight differences 
were noted in the magnitude of a. and Po determined for 
each fraction (see Table 111). Some of this variation is 
probably due to experimental errors in the molecular 
weights. 
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Table I11 
Radiation Constants for Cross-Linking and Scission 

olo x 105, p 0  x 105, 
sample Mrd- '  hiIrd-' .,I?, 
EP 090 1 . 9 4  7 .99  0 . 2 4  
EP 1 3 3  2.27 8 . 7 1  0 .26  
EP 1 6 2  2.11 8 . 2 4  0 . 2 6  
EP 2 0 8  1 . 8 4  7 .77  0 . 2 4  
EP 310  1.65 7.50  0 . 2 2  

where c is the number density of polymer chains, p1 is the 
probability that a randomly chosen un-cross-linked unit 
is connected to  the gel along only one of the two paths 
leading away from it, and pz is the probability that it is 
connected along both paths. In applying these formulas 
we used the values of g calculated with eq 14 and the values 
of a. and Po given in Table 111. 

Values of ukT, 2ulp (the average functionality of a 
junction), and T, were calculated with eq 18-21 at  T = 298 
K. The results are given in Table 11. 

Initial Modulus 
Samples Tested at Room Temperature. Equation 8 

suggests that values of (G - ukT)/T, plotted vs. pkT/T, 
should fall on a straight line with a slope of -h and an 
intercept of Gem". Data for all of the networks tested are 
plotted in this manner in Figure 4. The results are 

1 5  
I I I 1 1 I 

0 0 2  04 06 08 10 1 2  

(MPal 
Te 

Figure 5. Plot of G/ T,  vs. ukT/T,  used to estimate the parameter 
Gem" (Langley plot). Symbols are the same as for Figure 3. 

0 
D (Mrads)  

Figure 6. Shear modulus of all samples as a function of radiation 
dose. The curves were calculated with h = 0 and Gem" = 1.60 
MPa. The straight line indicates where data would fall if the only 
effect of entanglements was to reduce junction fluctuations. Upper 
line is for sample EP 310 and lower line for sample EP 090. 

scattered but they appear to fall on a line of zero slope, 
suggesting h = 0 and Gemax 3i 1.7 MPa. In Figure 5 the 
same data is plotted as G/Te vs. ukT/Te. The slope of this 
line is 1.11 which, within experimental error, is equal to 
the expected value of 1 - h p / u  for h = 0. The intercept 
of 1.60 MPa is close to the average value of GNo determined 
for the polymers prior to cross-linking (1.72 MPa). These 
findings show that entangling interactions can strongly 
influence the equilibrium elastic properties if the plateau 
modulus is large. Both interchain interactions and the 
suppression of junction fluctuations have increased the 
modulus substantially above that expected for a phantom 
network. The initial modulus, G, is plotted as a function 
of radiation dose in Figure 6. The curves passing through 
the data were calculated with eq 8 with h = 0 and Gem" 
= 1.60 MPa. The essentially straight lines near the bottom 
of the figure show where the experimental data would fall 
if the only effect of entanglements was to suppress junction 
fluctuations (h  = 0, Gem" = 0).  Trapped entanglements 
clearly play a major role in determining the magnitude of 
the initial modulus. 

Samples Tested at Elevated Temperature. Sample 
E P  208 (82.6 Mrd) was tested at  elevated temperatures to 
ensure that processes outside the scope of present theories 
were not affecting the modulus. For example, if trace 
amounts of crystallinity were present and acted as addi- 
tional cross-links, then raising the temperature would melt 
this material and the modulus would decrease. 
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Table IV 
Modulus of EP 208 (82.6 Mrd) at Elevated Temperaturea 

0.8 

Macromolecules 

- 
G T / G , ,  

T, " C  G,, MPa exptl calcd (eq 23) 

25 0.895 1.00 1.00 
66 1.10 1.23 1.19 
98.5 1.24 1.38 1.37 

a Based on the measured value of 6.6 x lO-'/l"C for 
( 1 / V )  dV/dT and the average value of 1.4 x lO-"l"C for 
( l / ( r * ) ' )  d(r2)O/dT obtained from several thermoelastic 
s t~dies ,~ ' - '~  a dilute-solution viscosity study," and rota- 
tional isomeric state calculations. '* 

We found that the modulus increased with temperature 
over the entire range studied (25-100 "C). Lacking a 
constitutive equation for entangled rubber networks, we 
compared our results with the predictions for a phantom 
rubber network. According to this theory, the ratio of the 
modulus at  two different temperatures should be equal to32 

where the subscript refers to the temperature, Vi is the 
volume of the network, (r2)i is the mean square end-to-end 
vector of the chains in the network, and ( r2): is the mean 
square end-to-end vector of the chains in the network if 
they were free of the junction constraints. We assumed 
that Vi and ( r2)i change with temperature in accordance 
with the thermal expansion coefficient of the network, 
(1/V) dV/dT, and that (r2);0 change in accordance with 
experimental values of the temperature coefficient for 
chain dimensions, (l/(r2)O) d(r2)0/dT.33-38 In Table IV 
we have listed the initial modulus obtained a t  three dif- 
ferent temperatures. Also given is the ratio of the modulus 
at  elevated temperature to the room-temperature modulus 
as determined experimentally and as calculated by eq 23. 
The ratios obtained by the two methods agree quite well. 
The results indicate a lack of crystallinity in our polymers, 
since the melting point is below room temperature and the 
calculated melting point elevation for the small strains 
employed is only on the order of 5 0C.39 The limited 
precision and quantity of data prevented us from deter- 
mining the separate temperature dependence of 2C1 and 

Finite Deformation Behavior 
Much effort has been spent to find a molecular expla- 

nation for the departure of stress-strain data from neo- 
Hookean behavior.40 In uniaxial tension this departure can 
easily be detected by a nonzero slope in a plot of u/(A - 
1 / X 2 )  vs. 1 / X .  Many investigators have suggested that if 
this plot is extrapolated to infinite strain, the intercept, 
2C1, should be identified with the chemical network con- 
tribution, G,. In Figure 7 we have plotted 2C1 vs. the 
calculated value of G, = ukT. All of the values substan- 
tially exceed G,, suggesting that 2C1 also contains a to- 
pological contribution. 

In two recent experimental studies, Ferry and Kan41 and 
Dossin and Graessley4 have found a correlation between 
2C2 and the topological contribution, T,G,"". Their results 
can be cast in the form 

2c2. 

T,G,"" 
TeGemax + G,  = A + B  (24) 

2CZ 
2c1 + 2c2 

A similar relation for 2C1 follows 
2C1 = (1 - A)G,  + (1 - A - B)G,T,"" (25) 

Ferry and Kan find B 1 and A -0.275. Dossin and 

0 0 
0 

Gc=vkT ( MPa) 

Figure 7. Mooney-Rivlin constant 2C1 as a function of the 
network chain density multiplied by kT, G, = vkT. Straight line 
indicates the relationship 2C1 = vkT. Symbols are the same as 
for Figure 3. 
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Figure 8. The ratio 2C2/(2C1 + 2Cz) as a function of G,-T,/(G 
+ GemlUTe). Line 1 indicates the relationship of Ferry and Kan4P 
and line 2 indicates the relationship of Dossin and Grae~s ley .~  
Solid portions of line indicate range of experimental data used 
by these investigators. Symbols are the same as for Figure 3. 

Graessley find B N 0.5 and A N 0. Unfortunately, our 
data cover a very narrow range of TeGem" (-0.45-0.65) 
and hence we cannot judge which prediction is correct. In 
Figure 8 we have plotted the data according to eq 25 and 
drawn in the equations of Ferry-Kan and Dossin- 
Graessley. The data cluster near the intersection of the 
two lines. The scatter is probably due to small errors made 
in the rest-length measurement. Errors of this nature have 
a relatively small effect on the initial shear modulus, G, 
but a large effect on the separate values of 2C1 and 2C2. 

Conclusions and Discussion 
We find that the initial shear modulus G in a series of 

18 ethylene-propylene copolymer cross-linked networks 
can be expressed as the sum of two contributions, G, from 
the chemical structure of the network, and TeGemaX from 
the topological interactions. Within experimental error 
the chemical contribution is vkT, suggesting that the 
junction fluctuations are largely s~ppres sed . '~ J~  The to- 
pological contribution is large relative to the chemical 
contribution, (G - vkT)/vkT ranging from 1.4-3.4. We find 
Gemax = 1.6 MPa, in good agreement with the plateau 
modulus GNo = 1.7 MPa obtained independently by dy- 
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namic measurements on the un-cross-linked polymer. 
Thus we conclude that the entanglement interactions re- 
sponsible for the plateau in linear viscoelastic response are 
also the source of the topological contributions in equi- 
librium network elasticity. Finally, contrary to numerous 
suggestions in the literature, we find that 2C1 of the 
Mooney-Rivlin equation is not equal to the chemical 
contribution alone but can contain a sizable topological 
contribution as well. 

These conclusions are virtually the same as those de- 
duced from a recent study of polybutadiene cross-linked 
 network^.^ They differ slightly from results on poly(di- 
methylsiloxane) cross-linked networks by Langley and 
Polmantee9 and end-linked networks by Macosko and 
Vallesa6 These workers indeed find a topological contri- 
bution in the range expected (Gem" = G N o  = 0.3 MPa) but 
only partial suppression of network junction fluctuations 
(G, = (Y - hp)kT, with h f 0). Although calling for further 
study, the latter difference is not a serious one in our 
opinion and is perhaps related to the relatively high en- 
tanglement densities in the polybutadiene and ethylene- 
propylene copolymer networks, which may tend to sup- 
press junction fluctuations more effectively. 

Of greater concern is the apparent conflict with extensive 
results on poly(dimethylsi1oxane) end-linked networks 
reported by Mark and c o - w o r k e r ~ . ~ ~ ~  They find no need 
to  include a topological contribution and obtain G = vkT, 
where v is calculated assuming complete reaction. We 
believe, however, that even these results can be explained 
within a framework that includes entanglement trapping. 
The relative importance of chemical and topological con- 
tributions must, of course, depend on the relative mag- 
nitudes of ( u  - hp)kT and TeGNo. In completely reacted 
stoichiometric end-linked networks T, = 1, and v and p 
can be calculated simply from reactant molecular weights 
and functionalities. However, these parameters are ex- 
tremely sensitive to the extent of reaction. For example, 
a t  90% conversion u is only 72% of theoretical, and Te is 
0.64 in tetrafunctional  network^.^^^^ At 80% conversion 
Y is 39% of theoretical, and T, is 0.31. The calculated sol 
fractions at  these conversions are 0.011 and 0.063, re- 
spectively. The extractable fractions reported by Mark 
and co-workers lie in the range 0.012-0.06.7~8 If this ma- 
terial reflects unreacted polymer, substantial reductions 
in u from theoretical values and relatively low trapping 
factors should be expected for those networks. Sensitivity 
to  conversion is even greater in trifunctional networks. 
Thus the data on those end-linked networks may require 
some correction before being used to decide the question 
of topological contributions. 
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Appendix A. Distribution of Cross-Links in 
Irradiated Polymers 

The theory of gelation presented above assumes that the 
cross-linked units are randomly distributed. We have tried 
to verify this assumption both by considering what is 
known about the spatial distribution of events in radiation 
chemistry and by experimental comparisons. 

When a high-energy electron traverses a sample, the 
initial effect is to ionize and excite polymer molecules; the 
cross-links are produced by later reactions which come 
after ion-electron recombination and deexcitation. Be- 
cause the polymer is irradiated in the solid state, diffusion 
of the macroions which are formed is highly suppressed. 
Hence, the spatial distribution of the cross-links will be 
controlled by the initial distribution of the ions. The 
nature of this distribution is a relatively unexplored area 
and the discussion which follows is unfortunately only 
qualitative. 

A high-energy electron traveling through a thin specimen 
proceeds along a relatively straight track. This primary 
electron is scattered by other electrons, and some of these 
interactions lead to the ejection of a secondary electron 
with the simultaneous creation of an ion. The distance 
between successive ions is controlled by the velocity of the 
electrons. Provided the primary electron is scattered many 
times as it traverses the sample, the mean electron energy 
a t  the end of the track can be estimated from4* 

T = To - (dT/dx)l (AI) 

where To is the initial electron energy (in this case 1.3 
MeV), dT/dx is the stopping power, and 1 is the sample 
thickness. For a sample 1-mm thick and with a stopping 
power of 1.928 (MeV.cm2)/g determined for 1.3-MeV 
electrons in polyethylene, the average energy is only re- 
duced by 13%. As a result of this small change in the 
initial electron energy, the average number of ionizations 
per unit track length will be essentially constant, and the 
total number of primary ionizations per electron can be 
estimated with 

mi = ui(T)nol (-42) 

where ui(?') is the cross-section for primary ionization, and 
no is the number density of the scattering groups. For a 
polymer composed of CH2 groups and irradiated with 
1.3-MeV electrons, gi is 9.4 X cm2 and m, is -3500 
ioniza t ion~/mm.~~ This corresponds to a distance of 
-3000 A between primary ions. If the distribution of 
primary ions is to be considered random, the distance 
between tracks of the electrons must be smaller than the 
distance between successive ionizations along the tracks. 

The average distance between neighboring tracks can 
be calculated from the electron flux at  the surface (eq A3). 

4 = D/(dT/dx) 643) 

In eq A3,4 is the flux in electrons/cm2 and D is the dose 
a t  the surface in MeV/g. The average distance between 
tracks is 

L = 1 / p  644) 

From eq A3 and A4 the average spacing between the tracks 
of the primary electrons becomes equal to the ion spacing 
along the track at  a dose of only 6000 rd. Because this dose 
is a small fraction of that given to the samples in this study, 
we have concluded that the distribution of primary ions 
is random. 

What about the spatial distribution of the ions produced 
by the secondary electrons? Owing to the T2 dependence 
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of the energy spectrum of these electrons,& a large fraction 
of them have energies so low they are not capable of fur- 
ther ionization. However, we can estimate the number of 
ionizations produced by secondary electrons as follows. 
From eq A2 and A3 it can be calculated that N 1.8 primary 
ions are produced per 100 eV of absorbed energy. Because 
the total yield of ions in irradiated hydrocarbons is known 
to be -4/100 eV,31 the ratio of secondary ions to primary 
ions is close to unity and hence, on the average, there will 
not be a large number of secondary ions clustered around 
primary ions. The probability of clusters of cross-links is 
even smaller because the yield of cross-links is only one 
for every 4 ions. Thus the distribution of cross-links, like 
that for primary ions, should be virtually random for doses 
above lo4 rd. 

The experimental evidence is as follows. At  sufficiently 
low doses the cross-links in a polymer must be confined 
to clusters or spurs around the tracks of primary electrons. 
As the dose increases the clusters on neighboring tracks 
begin to overlap and eventually a random distribution will 
be obtained. It has been suggested that if the dose given 
to a sample is not sufficient to produce a random distri- 
bution of cross-links, the yield of gel will be reduced.45 
Such an effect could cause an incorrect counting of 
cross-links a t  high doses. However, this would also cause 
the shape of the gel curve for very high molecular weight 
polymers to be different from that for low molecular weight 
polymers because lower doses are required to gel the higher 
molecular weight materials. In the Graessley-Dossin work4 
polybutadienes having molecular weights from 22 000 to 
750000 were given doses in the 1-65 Mrd range. When 
the gel content of these polymers (1 C D C 25 Mrd) is 
plotted vs. the product of molecular weight and dose, all 
of the data superimpose onto a single master curve (see 
Figure 3 of ref 4). No systematic differences were found 
between high molecular weight (low dose) samples and low 
molecular weight (high dose) samples at  the same gel 
fraction. This clearly supports the randomness assumption 
at all doses used and particularly throughout the range of 
doses (16-65 Mrd) used to prepare networks for mechan- 
ical measurements in that study. Similar results were 
obtained in a study of gel points in polystyrene samples 
with molecular weights from 56000 to 3400000.46 No 
significant departures from random cross-linking predic- 
tions (constancy of the product M a , )  were found. 

In the present study the range of molecular weights is 
considerably smaller. The product of gelation dose and 
molecular weight was found to be essentially constant in 
the range 1.5-5 Mrd, and no unusual departures in the gel 
curve shapes (4-100 Mrd) from expectation based on the 
random theory were found. We conclude that cross-linking 
is random throughout the range of doses used on samples 
for the mechanical measurements (50-100 Mrd). 
Appendix B. A Graphical Method for 
Determining Cross-Linking and Scission Rates 

The cross-linking and scission rates, a0 and Po, were 
determined by a nonlinear regression analysis. This pro- 
cedure is not complicated, but practical considerations 
dictate the use of a digital computer. One of us has given 
a simpler method which requires only graphical manipu- 
l a t i o n ~ . ~ ~  

For molecular weight distributions which are not too 
different from the most probable distribution (FW/rn = 2), 
the virtual gelation dose, Dvg, is related to the measured 
gelation dose by the approximate equation4I - - 

Macromolecules 

1 P Fn D v , = D  I - - - -  ,[ 3 ff 7, J 

The virtual dose is the gelation dose which would have 
been observed if chain scission were absent. The ratio P/CU 
is determined by extrapolating a Charlesby-Pinner plot 
to infinite dose (1/D - 0). D, is also obtained graphi- 
 ally,^^ for example, by extrapolating a plot of the gel 
content vs. dose to zero gel. D,, is then calculated from 
eq B1 and used to obtain the cross-linking rate by 

(YO = 1/DV,rw (B2) 

When these equations were used to calculate a. and Po for 
our polymers, the values were within 1% of those deter- 
mined by the nonlinear regression analysis. 

The equations for calculating the gel content and the 
network structure have limiting forms at  high cross-link 
densities (y >> 1) which are much simpler than the general 
relations, eq 14, 21, and 22. We find29 

g = 2X(1 - 1/75) - h2(1 - 2/75) 033) 

p1 = 2X(1- 1/75) - 2X2(1- 2/75) (B4) 

p2 = X2(1 - 1/75) (B5) 

where 5 = P/a + g, X = g / [ ,  and y = CUT,,. At high cross-link 
densities g as it appears in X and on the right-hand side 
of eq B3-B5 can be replaced by g,, = ‘f2[1 - 2P/a + (1 
+ ~ P / c u ) ’ / ~ ] .  The gel fraction and the network structure 
are now explicit functions of two parameters: y, the 
number of cross-linked units per molecule, and P/a, the 
ratio of scissions to cross-linked units. To  judge the ac- 
curacy of eq B5, the trapping factor was recalculated for 
the four samples of EP 310 listed in Table 11. The dif- 
ference between the two methods varied from 0.3 to 0.6%. 
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ABSTRACT: The kinetics of polycondensation and copolycondensation by ester-interchange reactions were 
investigated by using 2-hydroxyethyl terephthalate and 2-hydroxy-n-propyl terephthalate as monomers. It 
was found that the polycondensation of diol esters of dibasic acids followed second-order kinetics with respect 
to the concentrations of hydroxyl and ester groups in the monomers. New equations for calculation of the 
rate constants of cross reactions and of the composition ratios in the copolymer were derived. The reactivity 
ratios of the copolycondensations and the azeotropic composition were calculated on the basis of the rate 
constants. The composition diagram of the copolycondensation was obtained. 

Hydroxyl-terminated aliphatic polyesters are important 
materials in the production of the polyurethane used in 
several fields as a thermoplastic elastomer. As is well- 
known, the polyester segments build the soft blocks in the 
polyurethane and the variation of the polyester compo- 
sition changes the physical properties of the polyurethane. 
The variables in the polyester composition are the dibasic 
acids (succinic, glutaric, adipic, azelaic acids) and the diols 
(ethanediol, 1,2-propanediol, 1,4-butanediol, 1,6-hexane- 
diol). 

The urethane polymer formation is most easily con- 
trolled when the polyester contains only hydroxyl groups 
as reactive sites. Hence the preferred polyesters have been 
those with very low acid end groups and very low water 
content. In order to minimize the acid end groups and 
water content, laboratory and industrial syntheses have 
often involved ester-interchange reactions of the diol esters 
of dibasic acids. 

Unlike polyesterification reactions of dibasic acids and 
diols, which have been studied in many lab~ratories,’-~ 
studies on polycondensation of diol esters of dibasic acids 
by ester-interchange reactions are scarce. In this paper 
we report the kinetics of the polycondensation and co- 
polycondensation of diol esters or dibasic acids by ester- 
interchange reactions. 

Kinetics 

ester of a dibasic acid can be expressed generally as 
Polycondensation. The polycondensation of the diol 

k 
2HOROOCR’COOROH - 

HOROOCR’COOROOCR’COOROH + HOROH (1) 

If the concentration of the hydroxyl group is [OH] and the 
concentration of the ester group is [COO] and if the diols 
formed during the reaction are continuously removed and 
no catalyst is used, the kinetics of the polycondensation 
can be written as 

-d[OH]/dt = k[OH][COO] (2) 
A t  the initial stage of the polycondensation the concen- 
trations of hydroxyl and ester groups are equal; we obtain 
therefore second-order kinetics 

-d[OH]/dt = k[OHI2 (3) 

Rearrangement and integration of the equation gives eq 
4. A plot of 1/[OH] vs. time yields the rate constant of 
the polycondensation. 

(4) 
Copolycondensation. The copolycondensation of two 

different diol esters of dibasic acids for conditions where 
the hydroxyl group of the second chain end attacks the 
ester group of the first chain end can be written as the 
sequence of reactions in eq 5-8. Reactions 6 and 7 are 

l / [OH] = k t  + C 

ki i  

- - -RCOOR100CR- - - + HORlOH (5) 
kiz 

- - -RCOOR,OOCR- - - + HORlOH (6) 
kzi 

- - -RCOORIOOCR- - - + HORiOH (7) 

- - -RCOORIOH + HORIOOCR- - - - 
- - -RCOOR10H + HOR2OOCR- - - - 
- - -RCOOR20H + HOR100CR- - - - 
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